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UNIFORM DISTRIBUTION OF ORBITS OF LATTICES ON SPACES OF
FRAMES
ALEXANDER GORODNIK
Abstract. We study distribution of orbits of a lattice Γ ⊆ SL(n,R) in the the space Vn,l
of l-frames in Rn (1 ≤ l ≤ n − 1). Examples of dense Γ-orbits are known from the work
of Dani, Raghavan, and Veech. We show that dense orbits of Γ are uniformly distributed
in Vn,l with respect to an explicitly described measure. We also establish analogous result
for lattices in Sp(n,R) that act on the space of isotropic n-frames.
1. Introduction
Let G = SL(n,R) and Vn,l be the space of l-frames in Rn (i.e. the space of l-tuples of
linearly independent vectors in Rn), 1 ≤ l ≤ n. The group G acts on this space as follows:
g · (v1, . . . , vl) = (gv1, . . . , gvl), g ∈ SL(n,R), (v1, . . . , vl) ∈ Vn,l.
The action is transitive for l < n. Let Γ be a lattice in G; that is, a discrete subgroup in G
such that the factor space Γ\G has finite volume (e.g. Γ = SL(n,Z)). The main result of
this paper concerns distribution of Γ-orbits in Vn,l.
When l = n, every orbit of Γ is discrete. The situation becomes much more interesting
for l < n. Let us recall known results:
Theorem 1. (Dani, Raghavan [DR80]) Let Γ = SL(n,Z), and v = (v1, . . . , vl) be an
l-frame in Rn, 1 ≤ l ≤ n− 1. Then the orbit Γ · v is dense in Vn,l iff the space spanned by
{vi : i = 1, . . . , l} contains no nonzero rational vectors.
Theorem 2. (Veech [Ve77]) If Γ is a cocompact lattice in G, then every orbit of Γ in Vn,l,
1 ≤ l ≤ n− 1, is dense.
Theorems 1 and 2 provide examples of dense Γ-orbits in Vn,l. Here we show that dense
Γ-orbits are uniformly distributed with respect to an explicitly described measure on Vn,l.
This measure is dvVol(v) , where dv is the Lebesgue measure on
∏l
i=1R
n, and Vol(v) is the
l-dimensional volume of the frame v.
Note that the measure dv is G-invariant, and it is unique up to a constant. However,
orbits of Γ are equidistributed with respect to the measure dvVol(v) , which is not G-invariant.
This phenomenon was already observed by Ledrappier [Le99].
Define a norm on M(n,R) by
‖x‖ = (Tr(txx))1/2 =
(∑
i,j
x2ij
)1/2
for x = (xij) ∈M(n,R). (1)
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For T > 0, Ω ⊆ Vn,l, v0 ∈ Vn,l, put
NT (Ω, v
0) = |{γ ∈ Γ : ‖γ‖ < T, γ · v0 ∈ Ω}|. (2)
We determine asymptotic behavior of NT (Ω, v
0) as T →∞. This result gives a quantitative
strengthening of Theorems 1 and 2, and it can be interpreted as uniform distribution of
dense orbits of Γ in Vn,l.
Theorem 3. Let Γ be a lattice in SL(n,R). Let v0 ∈ Vn,l be an l-frame in Rn such that
Γ ·v0 is dense in Vn,l. Let Ω be a relatively compact Borel subset of Vn,l such that
∫
∂Ω
dv = 0.
Then
NT (Ω, v
0) ∼ an,lVol(v
0)1−n
µ¯(Γ\G)
(∫
Ω
dv
Vol(v)
)
T (n−1)(n−l) as T →∞, (3)
where an,l is a constant (which is computed in (45) below), and µ¯ is a G-invariant measure
on Γ\G (which is defined in (29) below).
Remark. The term T (n−1)(n−l) in (3) comes from the asymptotics of the volume of the set
{h ∈ H : ‖h‖ < T} in the stabilizer H of v0 with respect to the measure on H which is
determined by the choice of the Haar measures on G and Vn,l = G · v0 (see Section 2).
For n = 2 and l = 1, this theorem was proved by Ledrappier [Le99] for general Γ and by
Nogueira [No00] for Γ = SL(2,Z) and max-norm using different methods.
Combining Theorems 1 and 3, we get:
Corollary 4. Let Γ = SL(n,Z). Let v0 = (v01, . . . , v
0
l ) ∈ Vn,l be an l-frame in Rn such that
the space 〈v01 , . . . , v0l 〉 contains no nonzero rational vectors. Let Ω be a relatively compact
Borel subset of Vn,l such that
∫
∂Ω
dv = 0. Then
NT (Ω, v
0) ∼ bn,lVol(v0)1−n
(∫
Ω
dv
Vol(v)
)
T (n−1)(n−l) as T →∞, (4)
where bn,l is a constant (which is computed in (83) below).
Example Figure 1 shows a part of the the orbit SL(2,Z)v0 for v0 = t(
√
2,
√
3). By the
result of Ledrappier, this orbit is uniformly distributed in R2 with respect to the measure
dxdy√
x2+y2
.
Dani and Raghavan also considered orbits of frames under Sp(n,Z). Denote
J =
(
0 E
−E 0
)
,
where E is the identity n × n matrix. The symplectic form (x, y) 7→ txJy will be denoted
by J too. Let
G = Sp(n,R) = {g ∈ SL(2n,R) : tgJg = J}
and Γ = Sp(n,Z). A frame (v1, . . . , vs) is called isotropic if the symplectic form J is 0 on
the space spanned by {vi : i = 1, . . . , s}.
Theorem 5. (Dani, Raghavan [DR80]) Let v = (v1, . . . , vn) be an isotropic frame in
R2n. Then Γ · v is dense in the space of isotropic n-frames iff the space spanned by {vi : i =
1, . . . , n} contains no nonzero rational vectors.
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Figure 1.
A result similar to Theorem 3 holds in this case too. Denote by Wn the space of 2n-
dimensional n-frames that are isotropic with respect to the standard symplectic form J .
Note that Wn is an open subset of an algebraic set in
∏n
i=1R
2n. Since by Witt’s theorem
Sp(n,R) acts transitively on Wn, Wn is a submanifold of
∏n
i=1R
2n.
We improve Theorem 5 by showing that dense orbits of Γ are uniformly distributed:
Theorem 6. Let Γ be a lattice in Sp(n,R), and v0 ∈ Wn be such that Γ · v0 is dense in Wn.
Let Ω be a relatively compact Borel subset of Wn such that the boundary of Ω has measure
0 in the Lebesgue measure class. Then
NT (Ω, v
0) ∼ λv0(Ω)T n(n+1)/2 as T →∞
for some measure λv0 onWn in the Lebesgue measure class, which can be explicitly computed.
Note that the measure λv0 is not Sp(n,R)-invariant.
In the next section we show how to derive asymptotic distribution for counting functions
similar to NT (Ω, v
0) from uniform distribution of orbits of subgroups of G in the space Γ\G.
In section 3, we consider the case G = SL(n,R). First, for convenience of the reader, we
sketch an easy proof of Theorems 1 and 2 based on topological rigidity of unipotent flows,
which was established by Ratner [Rat91b]. Then we introduce a decomposition of G based
on the Iwasawa decomposition, and obtain results on volume of balls in the subgroup Bol ,
which is defined below. This allows us to use results from Section 2 to prove Theorem 3
and Corollary 4 modulo ergodic theorem along balls in the group Bol (Theorem 20). In
Section 4, we prove the ergodic theorem for Bol . Note that for l = n− 1 it is a special case
of the result of Shah [Sh94]. The proof of the ergodic theorem is similar to the proof of
Theorem 2 from [Go02]. Finally, in Section 5 we consider the case G = Sp(n,R), and prove
Theorem 6. The method of the proof is similar to one used for Theorem 3: we use Iwasawa
decomposition for Sp(n,R) and uniform distribution of large unipotent subgroups due to
Shah [Sh94]. In the Appendix, we prove some technical volume estimates and Corollary 4.
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Remark. In the definition of NT (Ω, v
0), we used the norm (1). The fact that this norm
is invariant under the orthogonal group made our calculations easier. However, one can
prove similar results for every norm on M(n,R) with possibly different limit measure in the
Lebesgue measure class.
Acknowledgment: I would like to thank H. Furstenberg for fruitful discussions and
Barak Weiss for some comments and for pointing out an error in the preliminary version
of this paper. I am also very grateful to V. Bergelson for his encouragement and for many
interesting discussions.
2. Some limit theorems
In this section we establish asymptotics of some counting functions.
Let G ⊆ SL(n,R) be a Lie group, Γ a lattice in G, and H a Lie subgroup of G. Denote
by ̺ a right Haar measure on H . Let µ be a Haar measure on G, and µ¯ be the measure on
Γ\G such that ∫
G
fdµ =
∫
Γ\G
(∑
γ∈Γ
f(γg)
)
dµ¯(g), f ∈ Cc(G).
Throughout this section, we assume that for some M > 0 and every c > 0, m ∈ R,
lim
T→∞
̺(HcT+m)
̺(HT )
= cM . (5)
where HT = {h ∈ H : ‖h‖ < T}, and for every x ∈ Γ\G such that xH is dense in Γ\G and
f˜ ∈ Cc(Γ\G),
1
̺(HT )
∫
HT
f˜(xh−1)d̺(h)→ 1
µ¯(Γ\G)
∫
Γ\G
f˜dµ as T →∞. (6)
First, we prove an elementary lemma:
Lemma 7. Let (V, ‖ · ‖) be a normed vector space, G be a topological group, and ρ : G →
B(V )∗ (= the space of bounded invertible linear operators on V ) be a continuous map (w.r.t.
norm topology). Then for any g0 ∈ G and k > 1, there exists a neighborhood Og0 of g0 in
G such that for any g ∈ Og0 and v ∈ V ,
k−1‖ρ(g0)v‖ ≤ ‖ρ(g)v‖ ≤ k‖ρ(g0)v‖.
Proof. Take
Og0 = {g : ‖ρ(g0)ρ(g)−1‖ < k, ‖ρ(g)ρ(g0)−1‖ < k}.
Then for g ∈ Og0 ,
‖ρ(g0)v‖ ≤ ‖ρ(g0)ρ(g)−1‖ · ‖ρ(g)v‖ < k‖ρ(g)v‖.
Similarly, for g ∈ Og0 ,
‖ρ(g)v‖ ≤ ‖ρ(g)ρ(g0)−1‖ · ‖ρ(g0)v‖ < k‖ρ(g0)v‖.

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For g ∈ SL(n,R), denote by gˆ : x 7→ gxg−1 the inner automorphism corresponding to g.
For a subgroup L of G, denote by NG(L) the normalizer of L in G. For g ∈ NG(H), define
∆H(g) =
∣∣∣det(Ad(g)|Lie(H))∣∣∣ (7)
where Ad(g) is the adjoint transformation of the Lie algebra of G.
Proposition 8. Let x0 ∈ G be such that Γx0H is dense in Γ\G. Let
g 7→ cg : G→ NG(H),
g 7→ dg : G→ H,
g 7→ eg : G→ R,
g 7→ mg : G→ R+,
be continuous maps that factor through G/xˆ0(H). Then for every f ∈ Cc(G),
lim
T→∞
1
̺(HT )
∑
γ∈Γ
∫
m2γ‖cˆγ(hdγ )‖
2+eγ<T 2
f(γx0h
−1x−10 )d̺(h) (8)
=
1
µ¯(Γ\G)
∫
G
f(g)
mMg ·∆H(cg)
dµ(g).
Proof. We shall assume without loss of generality that f ≥ 0.
There exist real M1 and M2 such that M1 ≤ eg ≤ M2 for g ∈ supp(f)xˆ0(H). Then for
g ∈ supp(f)xˆ0(H),
{h : m2g‖cˆg(hdg)‖2 + eg < T 2} ⊆ {h : mg‖cˆg(hdg)‖ < (T 2 −M1)1/2}. (9)
Denote f˜(Γg) =
∑
γ∈Γ f(γg). Note that f˜ ∈ Cc(Γ\G).
Let r > 1 and ε > 0. By Lemma 7, for any g0 ∈ G there exists a neighborhood Og0 of g0
such that
r−1‖cˆg0(v)‖ < ‖cˆg(v)‖ < r‖cˆg0(v)‖, (10)
r−1‖vcˆg0(dg0)‖ < ‖vcˆg0(dg)‖ < r‖vcˆg0(dg0)‖ (11)
for all g ∈ Og0 xˆ0(H) and v ∈M(n,R). Moreover, Og0 can be taken such that∣∣∣∣ 1mMg ·∆H(cg) −
1
mMg0 ·∆H(cg0)
∣∣∣∣ < ε,
and
r−1mg0 ≤ mg ≤ rmg0
for all g ∈ Og0 xˆ0(H).
Note that for every v ∈ NG(H), Γx0vH is dense in Γ\G. Therefore, by (6), for every
u ∈ G and v ∈ NG(H),
lim
T→∞
1
̺(HT )
∫
HT
f˜(Γx0vh
−1u)d̺(h) =
1
µ¯(Γ\G)
∫
Γ\G
f˜(yu)dµ¯(y)
=
1
µ¯(Γ\G)
∫
Γ\G
f˜dµ¯. (12)
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To prove (8), we first suppose that supp(f) ⊆ Og0 for some g0 ∈ G. Put c0 = cg0, d0 = dg0,
m0 = mg0. Then using (9), (10), and (11), we get∑
γ∈Γ
∫
m2γ‖cˆγ(hdγ )‖
2+eγ<T 2
f(γx0h
−1x−10 )d̺(h)
≤
∑
γ∈Γ
∫
mγ‖cˆγ(hdγ )‖<(T 2−M1)1/2
f(γx0h
−1x−10 )d̺(h)
≤
∑
γ∈Γ
∫
r−2m0‖cˆ0(h)cˆ0(dγ)‖<(T 2−M1)1/2
f(γx0h
−1x−10 )d̺(h)
≤
∑
γ∈Γ
∫
r−3m0‖cˆ0(h)cˆ0(d0)‖<(T 2−M1)1/2
f(γx0h
−1x−10 )d̺(h)
=
∫
‖h‖<r3m−10 (T
2−M1)1/2
f˜(Γx0c
−1
0 cˆ0(d0)h
−1c0x
−1
0 )
d̺(h)
∆H(c0)
.
Thus, by (12) and (5),
lim sup
T→∞
1
̺(HT )
∑
γ∈Γ
∫
m2γ‖cˆγ(hdγ )‖
2+eγ<T 2
f(γx0h
−1x−10 )d̺(h)
≤ lim sup
T→∞
̺(Hr3m−10 (T 2−M1)1/2)
̺(HT )
· 1
µ¯(Γ\G)∆H(c0)
∫
Γ\G
f˜dµ¯
=
r3M
mM0 · µ¯(Γ\G) ·∆H(c0)
∫
Γ\G
f˜dµ¯
=
r3M
mM0 · µ¯(Γ\G) ·∆H(c0)
∫
G
fdµ.
Now let f be arbitrary. There exists a finite cover supp(f) ⊆ ∪iOgi . Let ci = cgi and
mi = mgi . Let αi ∈ Cc(G) be a partition of unity for {Ogi} such that
∑
i αi = 1 on supp(f).
Then
lim sup
T→∞
1
̺(HT )
∑
γ∈Γ
∫
m2γ‖cˆγ(hdγ)‖
2+eγ<T 2
f(γx0h
−1x−10 )d̺(h)
= lim sup
T→∞
1
̺(HT )
∑
γ∈Γ
∫
m2γ‖cˆγ(hdγ)‖
2+eγ<T 2
{∑
i
f(γx0h
−1x−10 )
·αi(γx0h−1x−10 )
}
d̺(h) ≤ r
3M
µ¯(Γ\G)
∑
i
∫
G
f(g)
mMi ∆H(ci)
αi(g)dµ(g)
≤ r
3M
µ¯(Γ\G)
∑
i
∫
G
(
f(g)
mMg ·∆H(cg)
+ εf(g)
)
αi(g)dµ(g)
=
r3M
µ¯(Γ\G)
∫
G
f(g)
mMg ·∆H(cg)
dµ(g) +
r3Mε
µ¯(Γ\G)
∫
G
fdµ
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for every r > 1 and ε > 0. Therefore,
lim sup
T→∞
1
̺(HT )
∑
γ∈Γ
∫
m2γ‖cˆγ(hdγ)‖
2+eγ<T 2
f(γx0hx
−1
0 )d̺(h)
≤ 1
µ¯(Γ\G)
∫
G
f(g)
mMg ·∆H(cg)
dµ(g). (13)
Similarly, one can prove the lower bound for (8). 
Proposition 9. Let f be the characteristic function of a relatively compact Borel subset
Z ⊆ G such that µ(∂Z) = 0. Let x0 ∈ G be such that Γx0H is dense in Γ\G. Then (8)
holds for f .
Proof. Denote by int(Z) and Z the interior and the closure of Z respectively.
Let W0 be an open relatively compact subset such that Z ⊆W0. There exists C > 0 such
that
(
mMg ·∆H(cg)
)−1 ≤ C for g ∈ W0.
Let ε > 0. There exist a compact subset V ⊆ int(Z) and an open subset W such that
Z ⊆ W ⊆ W0 and µ(W − V ) < ε. Take functions f1, f2 ∈ Cc(G) such that 0 ≤ fi ≤ 1,
f1 = 1 on V , f1 = 0 outside int(Z), f2 = 1 on Z, and f2 = 0 outside W . Then f1 ≤ f ≤ f2.
By Proposition 8 applied to f2,
lim sup
T→∞
1
̺(HT )
∑
γ∈Γ
∫
m2γ‖cˆγ(hdγ)‖
2+eγ<T 2
f(γx0h
−1x−10 )d̺(h)
≤ 1
µ¯(Γ\G)
∫
G
f2(g)
mMg ·∆H(cg)
dµ(g)
≤ 1
µ¯(Γ\G)
(∫
G
f(g)
mMg ·∆H(cg)
dµ(g) +
∫
G
f2(g)− f1(g)
mMg ·∆H(cg)
dµ(g)
)
≤ 1
µ¯(Γ\G)
∫
G
f(g)
mMg ·∆H(cg)
dµ(g) +
Cµ(W − V )
µ¯(Γ\G)
≤ 1
µ¯(Γ\G)
∫
G
f(g)
mMg ·∆H(cg)
dµ(g) +
Cε
µ¯(Γ\G)
for every ε > 0. This shows (13). The dual inequality for lim inf can be proved similarly. 
Suppose that for a closed subset Y of G, the product map Y × xˆ0(H)→ G be a homeo-
morphism. For g ∈ G, define yg ∈ Y and hg ∈ H such that g = ygxˆ0(hg). The map
α : y 7→ y · xˆ0(H) : Y → G/xˆ0(H).
is a homeomorphism too. Let ν1 be a measure on Y such that∫
G
fdµ =
∫
Y
∫
H
f(yxˆ0(h))d̺(h)dν1(y), f ∈ Cc(G). (14)
Note that such a measure exists because µ and ̺ are right invariant. Let ν be the measure
on G/xˆ0(H) which is the image of ν1 under α, i.e.∫
Y
f(α(y))dν1(y) =
∫
G/xˆ0(H)
fdν, f ∈ Cc(G/xˆ0(H)). (15)
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Note that the measure ν depends on the choice of the section Y .
Proposition 10. Use notations as in Proposition 8. Let Ω be relatively compact Borel
subset of G/xˆ0(H) such that ν(∂Ω) = 0. Let
NT (Ω) = |{γ ∈ Γ : m2γ‖cˆγ(hγdγ)‖2 + eγ < T 2, γ · xˆ0(H) ∈ Ω)}|.
Then
NT (Ω)
̺(HT )
∼ 1
µ¯(Γ\G)
∫
α−1(Ω)
1
mMy ·∆H(cy)
dν1(y)
as T →∞.
Proof. Let
Oε = {h ∈ H : ‖h− 1‖ < ε, ‖h−1 − 1‖ < ε}
for ε > 0.
Let φ be the characteristic function of α−1(Ω) ⊆ Y . Take ψε to be the characteristic
function of Oε normalized so that
∫
H
ψεd̺ = 1. Let
fε(g) = φ(yg)ψε(hg) for g ∈ G. (16)
Note that f satisfies conditions of Proposition 9, but before applying this proposition, we
need a lemma.
Lemma 11. For every r > 1, there exists ε > 0 such that
Nr−1T (Ω) ≤
∑
γ∈Γ
∫
m2γ‖cˆγ(hdγ)‖
2+eγ<T 2
fε(γx0h
−1x−10 )d̺(h) ≤ NrT (Ω). (17)
Proof. Note that fε(γx0h
−1x−10 ) = 0 for all h ∈ H unless
yγ ∈ α−1(Ω), (18)
and if the above condition holds,∫
m2γ‖cˆγ(hdγ)‖
2+eγ<T 2
fε(γx0h
−1x−10 )d̺(h)
=
∫
m2γ‖cˆγ(hdγ)‖
2+eγ<T 2
ψε(hγh
−1)d̺(h)
=
∫
m2γ‖cˆγ(hhγdγ)‖
2+eγ<T 2
ψε(h
−1)d̺(h)
=
∫
m2γ‖cˆγ(h)cˆγ(hγdγ)‖
2+eγ<T 2
ψε(h)d̺(h). (19)
Let
Iγ
def
=
∫
m2γ‖cˆγ(h)cˆγ(hγdγ)‖
2+eγ<T 2
ψε(h)d̺(h).
For γ as in (18), there exists C > 0 such that
‖cˆγ(v)‖ ≤ C‖v‖ and ‖cˆ−1γ (v)‖ ≤ C‖v‖ for all v ∈ M(n,R).
It follows that for every ε > 0,
Oε/C ⊆ cˆγ (Oε) ⊆ OCε.
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Therefore, by Lemma 7, there exists ε > 0 such that
r−1‖v‖ ≤ ‖cˆγ(h)v‖ ≤ r‖v‖ (20)
for every v ∈ M(n,R), h ∈ Oε, and γ ∈ Γ such that (18) holds.
Let γ ∈ Γ be such that
m2γ‖cˆγ(hγdγ)‖2 + eγ < r−2T 2,
and (18) holds. Then by (20),
m2γ‖cˆγ(h)cˆγ(hγdγ)‖2 + eγ ≤ r2m2γ‖cˆγ(hγdγ)‖2 + eγ < T 2
for h ∈ Oε. It follows that the Iγ = 1. This proves the first inequality in (17).
Note that Iγ ≤ 1. Let γ ∈ Γ be such that Iγ 6= 0. Then (18) holds, and for some h ∈ Oε,
m2γ‖cˆγ(h)cˆγ(hγdγ)‖2 + eγ < T 2.
Using (20), we deduce that
m2γ‖cˆγ(hγdγ)‖2 + eγ < r2T 2.
This proves the second inequality in (17). 
Now we can use Proposition 9 to find asymptotics for NT (Ω). By Lemma 11, for every
r > 1 there exists ε > 0 such that
lim sup
T→∞
NT (Ω)
̺(HT )
≤ lim sup
T→∞
1
̺(HT )
∑
γ∈Γ
∫
m2γ‖cˆγ(hdγ )‖
2+eγ<r2T 2
fε(γx0h
−1x−10 )d̺(h).
Therefore, by Proposition 9, (5), (14), and (15),
lim sup
T→∞
NT (Ω)
̺(HT )
≤
(
lim sup
T→∞
̺(HrT )
̺(HT )
)
1
µ¯(Γ\G)
∫
G
fε(g)
mMg ·∆H(cg)
dµ(g)
=
rM
µ¯(Γ\G)
∫
Y×H
fε(yxˆ0(h))
mMy ·∆H(cy)
dν1(y)d̺(h)
=
rM
µ¯(Γ\G)
∫
Y
φ(y)
mMy ·∆H(cy)
dν1(y)
∫
H
ψε(h)d̺(h)
=
rM
µ¯(Γ\G)
∫
α−1(Ω)
dν1(y)
mMy ·∆H(cy)
.
Taking r → 1+, we get
lim sup
T→∞
NT (Ω)
̺(HT )
≤ 1
µ¯(Γ\G)
∫
α−1(Ω)
dν1(y)
mMy ·∆H(cy)
.
Similarly, one can prove that
lim inf
T→∞
NT (Ω)
̺(HT )
≥ 1
µ¯(Γ\G)
∫
α−1(Ω)
dν1(y)
mMy ·∆H(cy)
.
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This proves the Proposition. 
3. Uniform distribution for a lattice in SL(n,R)
3.1. Density of orbits.
In this section we derive Theorems 1 and 2 from the following result on topological rigidity
of unipotent flow, which was proved by M. Ratner:
Theorem 12. (Ratner [Rat91b]) Let G be a connected Lie group, Γ be a lattice in G, and
U be a subgroup of G generated by Ad-unipotent 1-parameter subgroups. Then for every
x ∈ Γ\G, xU = xH, where H is a closed connected subgroup of G such that U ⊆ H, and
xH supports finite H-invariant Borel measure.
Note that the proofs of Dani, Raghavan, Veech are different from the proofs that are
presented here. In fact, their proofs can be considered as the first important steps towards
the general result on topological rigidity – Theorem 12.
We start the proof of Theorem 1 with a simple lemma:
Lemma 13. Let {vi : i = 1, . . . , s} ⊆ Rn, 1 ≤ s ≤ n − 2, be linearly independent vectors
such that 〈vi : i = 1, . . . , s〉 contains no nonzero rational vectors. Then there exists vs+1
such that vi, i = 1, . . . , s + 1, are linearly independent, and 〈vi : i = 1, . . . , s+ 1〉 contains
no nonzero rational vectors.
Proof. Let V = 〈vi : i = 1, . . . , s〉. Since s ≤ n − 2, for any v ∈ Rn, 〈V, v〉 is a proper
subspace of Rn. Therefore one can take a vector vs+1 outside ∪v∈Qn 〈V, v〉. If v =
∑s+1
i=1 αivi
is rational and nonzero for some αi ∈ R, then αs+1 6= 0, and vs+1 ∈ 〈V, v〉. This is a
contradiction. Thus, vs+1 is as required. 
Proof of Theorem 1. It is easy to see that if the condition of the theorem is not satisfied, the
orbit cannot be dense. The hard part is to show that the above condition implies density.
By Lemma 13, we may assume that l = n− 1.
Denote G = SL(n,R), Γ = SL(n,Z), and
U0 =
(
E ∗
0 1
)
,
where E is the identity (n − 1) × (n − 1) matrix. Let g0 ∈ G be such that g0vi = ei for
i = 1, . . . , n− 1. Here {ei : i = 1, . . . , n} is the standard basis of Rn. Then the stabilizer of
v in G is U = g−10 U0g0. Note that any nontrivial U -invariant subspace of R
n is contained in
〈vi : i = 1, . . . , n− 1〉. Consider U -orbit ΓU ⊂ Γ\G. By Ratner’s theorem (Theorem 12),
ΓU = ΓH where H is a closed connected subgroup of G containing U , and H ∩Γ is a lattice
in H . Moreover by [Sh91, Proposition 3.2], H is the connected component of the smallest
real algebraic Q-subgroup containing U , and the radical of H is unipotent. Let R be the
radical of H . Since R is defined over Q and unipotent, the space V R of R-fixed vectors
is nonzero and defined over Q. Also V R is H-invariant because R is normal in H . Thus,
if V R 6= Rn, V R ⊆ 〈vi : i = 1, . . . , n− 1〉. However, this contradicts our hypothesis on v.
Therefore, V R = Rn and R = 1, i.e. H is semisimple. We claim that H = G. To simplify
notations, we work with the group H0
def
= g0Hg
−1
0 . Let h and u be the Lie algebras of H0
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and U0 respectively. Since U0 ⊆ H0,
u = 〈Ein : i = 1, . . . , n− 1〉 ⊆ h.
Here Eij denotes a matrix with 1 at the place (i, j) and 0 elsewhere. Using that the
Killing form k(x, y) = Tr(xy) for x, y ∈ sl(n,R) is nondegenerate on h, one shows that the
projection map from h to the space 〈Eni : i = 1, . . . , n− 1〉 with respect to the basis {Eij} is
surjective. Thus for i = 1, . . . , n−1, there exists hi = Eni+ h˜i ∈ h with h˜i in the normalizer
of u. Then
h ⊇ [hi, u] + u ⊇ [Eni, u], i = 1, . . . , n− 1.
It follows that h = sl(n,R) and H = G. Thus, ΓU = G. Finally,
Γv = ΓUv ⊇ ΓUv = Gv = Vn,l. (21)

Proof of Theorem 2. It is sufficient to prove the claim for l = n− 1.
Let U be as in the proof of Theorem 1. By (21), we just need to show that ΓU is
dense in G. By Ratner’s theorem (Theorem 12), ΓU = ΓH where H is a closed connected
subgroup of G containing U , and H ∩ Γ is a lattice in H . By Lemma 3.8 and Proposition
3.10 from [Sh91], one of the following two possibilities holds: H is reductive, or W ∩ Γ is a
lattice in W where W is the unipotent radical of a proper parabolic subgroup of G. Since
Γ is cocompact, it follows from Godement’s criterion that Γ has no nontrivial unipotent
elements. This contradicts the second possibility. Thus, H is reductive, and the Killing
form is nondegenerate on the Lie algebra of H . Now one can show by the same argument as
in the proof of Theorem 1 that H = G. Hence, ΓU is dense in Γ\G. This implies Theorem
2. 
3.2. Iwasawa decomposition for SL(n,R).
Fix l = 1, . . . , n− 1.
For s = (s1, . . . , sn) ∈ Rn,
∑n
i=1 si = 0, define
a(s) = diag(es1, . . . , esn) ∈ SL(n,R).
For a vector s as above, define decomposition
s = s− + s+
with s− = (s1, . . . , sl, r, . . . , r), r =
1
n−l
(−s1 − · · · − sl), s+ = s− s−. Note that r is chosen
so that a(s+), a(s−) ∈ SL(n,R).
For t = (tij : 1 ≤ i < j ≤ l), tij ∈ R, denote by n−(t) the unipotent upper triangular
matrix which entries above diagonal are equal tij for i < j ≤ l and 0 otherwise. Similarly,
for t = (tij : 1 ≤ i < j ≤ n, j > l), tij ∈ R, denote by n+(t) the unipotent upper triangular
matrix which entries above diagonal are equal tij for 1 ≤ i < j ≤ n, j > l and 0 otherwise.
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We use the following notations:
G = SL(n,R),
K = SO(n,R),
Aol− =
{
a(s−) : s ∈ Rn,
n∑
i=1
si = 0
}
Aol+ =
{
a(s+) : s ∈ Rn,
n∑
i=1
si = 0
}
,
Ao = Aol−A
o
l+ =
{
a(s) : s ∈ Rn,
n∑
i=1
si = 0
}
,
Nl− = {n−(t) : tij ∈ R, 1 ≤ i < j ≤ l},
Nl+ = {n+(t) : tij ∈ R, 1 ≤ i < j ≤ n, j > l},
N = Nl−Nl+ = “unipotent upper triangular group”,
Bol = A
o
l+Nl+ = Nl+A
o
l+.
Denote by dk the normalized Haar measure on K.
Let
dn+ = dt+ =
∏
i<j≤l
dtij and dn− = dt
− =
∏
max(i,l)<j
dtij.
These measures are Haar measures for Nl+ and Nl− respectively. The subgroup Nl+ is
normal in N , and the product map
Nl− ×Nl+ → N
is a diffeomorphism. Also the image of product of dn− and dn+ under this map is a Haar
measure on N . Let us denote it by dn:∫
N
f(n)dn =
∫
Nl−×Nl+
f(n−n+)dn−dn+ , f ∈ Cc(N). (22)
Haar measures on Aol− and A
o
l+ are defined by
da− = ds− =
l∏
i=1
ds−i and da
+ = ds+ =
n−1∏
i=l+1
ds+i
respectively. Then a Haar measure da on Ao = Aol−A
o
l+ is the product measure:∫
Ao
f(a)da =
∫
Aol−×A
o
l+
f(a−a+)da−da+, f ∈ Cc(Ao). (23)
The product map Aol+ × Nl+ → Bol is a diffeomorphism, and the image of the product
measure under this map is a left Haar measure on Bol . Denote this measure by λl. Then a
right Haar measure ̺l on B
o
l can be defined by
̺l(f) =
∫
Bol
f(b−1)λl(b) =
∫
Aol+×Nl+
f(a(s+)n+)δ+l (s
+)ds+dn+ (24)
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for f ∈ Cc(Bol ), where
δ+l (a) = δ
+
l (s) = exp
{
2
n∑
i=l+1
(n− i)si
}
(25)
for a = diag(es1, . . . , esn) ∈ SL(n,R).
By Iwasawa decomposition, the map
(k, n, a) 7→ kna : K ×N ×Ao → G (26)
is a diffeomorphism.
Lemma 14. Let e0 = (e1, . . . , el) be the standard orthonormal frame in Rn. Then for
k ∈ K, n ∈ N , and a = diag(es1 , . . . , esn) ∈ Ao,
Vol(knae0) = exp
{
l∑
i=1
si
}
.
Proof. Let g = kna. Recall that Iwasawa decomposition is proved using Gramm-Schmidt or-
thogonalization for basis vi = gei. Let {wi} be an orthonormal basis such that 〈vk : k ≤ i〉 =
〈wk : k ≤ i〉 for 1 ≤ i ≤ n. Then esi = vi ·wi, i.e. esi is the length of projection of vi onto the
orthogonal complement of 〈vk : k ≤ i− 1〉 in 〈vk : k ≤ i〉. Now the statement is obvious. 
Define
δ−l (a) = δ
−
l (s) = exp
{
l∑
i=1
si
}
, (27)
where a = diag(es1, . . . , esn) ∈ SL(n,R).
The image of the product measure under the map (26) is a Haar measure on G [He,
Proposition X.1.12]. Let us denote this image by µ:∫
G
fdµ =
∫
K×N×Ao
f(kna)dkdnda, f ∈ Cc(G). (28)
For a lattice Γ in G, there exists a measure µ¯ on Γ\G such that∫
G
fdµ =
∫
Γ\G
∑
γ∈Γ
f(γg)dµ¯(g), f ∈ Cc(G). (29)
For our purposes, we modify the Iwasawa decomposition as follows:
(k, n−, a−, b) 7→ kn−a−b : K ×Nl− × Aol− × Bol → G. (30)
Since Aol− normalizes B
o
l , this map is a diffeomorphism too.
Fix g0 ∈ G. By (30) the map
(k, n−, a− , b) 7→ kn−a−g0b : K ×Nl− ×Aol− × (Bol )g0 → G (31)
is a diffeomorphism. Here we use notation: Xg0 = g−10 Xg0.
For g ∈ G define kg ∈ K, a±g ∈ Aol±, and n±g ∈ Nl± such that
g = kgn−g a
−
g g0(a
+
g n
+
g )
g0. (32)
Also define
b−g = n
−
g a
−
g , bg = a
+
g n
+
g ,
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and b′g ∈ GL(l,R) such that
b−g =
(
b′g 0
0 ∗
)
. (33)
Lemma 15. For f ∈ Cc(G) and g0 ∈ G,∫
G
fdµ =
∫
K×Nl−×A
o
l−×B
o
l
f(kn−a(s−)g0b
g0)δ−l (s
−)ndkdn−ds−d̺l(b),
where δ−l is defined in (27).
Proof. By (28), (22), and (23),∫
G
fdµ =
∫
K×Nl−×Nl+×A
o
l−×A
o
l+
f(kn−n+a−a+)dkdn−dn+da−da+ . (34)
The Jacobian of the map
Nl+ → Nl+ : n 7→ a−1na
for a = a(s−)a(s+) is equal to δ−l (s
−)−nδ+l (s
+)−1. Thus, it follows from (24) and (34) that∫
G
fdµ =
∫
K×Nl−×A
o
l−×B
o
l
f(kn−a(s−)b)δ−l (s
−)ndkdn−ds−d̺l(b).
Then since G is unimodular,∫
G
fdµ =
∫
G
f(gg0)dµ(g)
=
∫
K×Nl−×A
o
l−×B
o
l
f(kn−a(s−)bg0)δ
−
l (s
−)ndkdn−ds−d̺l(b)
=
∫
K×Nl−×A
o
l−×B
o
l
f(kn−a(s−)g0b
g0)δ−l (s
−)ndkdn−ds−d̺l(b).

Lemma 16. Let e0 = (e1, . . . , el) be the standard frame in Rn. For f ∈ Cc(Vn,l),∫
Vn,l
f(v)dv = dn,l
∫
K×Nl−×A
o
l−
f(kn−a(s−)e0)δ−l (s
−)ndkdn−ds−, (35)
where dn,l is a constant computed in (73).
Proof. The measure on the left side of (35) is G-invariant. We claim that the measure on
the right side is G-invariant too. It is easy to see that the map
gBol 7→ ge0 : G/Bol → Vn,l
is proper. Thus, every function f ∈ Cc(Vn,l) can be lifted to a function f1 ∈ Cc(G/Bol ).
Then the function f can be represented as
f(ge0) = f1(gB
o
l ) =
∫
Bol
f2(gb)d̺l(b)
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for some f2 ∈ Cc(G) (see [Rag, Ch. 1]). Then by Lemma 15,∫
K×Nl−×A
o
l−
f(kn−a(s−)e0)δ−l (s
−)ndkdn−ds− =
∫
G
f2dµ.
It follows that the measure on the right side of (35) is G-invariant. By uniqueness of Haar
measure, the integrals are equal up to a scalar multiple dn,l. This constant is computed in
the Appendix. 
3.3. Volume estimates.
For a set S ⊆ G and T > 0, define
ST = {s ∈ S : ‖s‖ < T}.
We compute the asymptotics of ̺l(B
o
l,T ) as T →∞:
Lemma 17.
̺l(B
o
l,T ) ∼ γn,lT (n−1)(n−l) as T →∞, (36)
where the constant γn,l is given in (80).
The proof, which is given in the Appendix, follows the method of Duke, Rudnick, Sarnak
[DRS93].
For C ∈ R, define
ACl+ = {a(s+) : s+i > C, i = l + 1, . . . , n− 1},
BCl = A
C
l+Nl+.
The following “measure concentration” result plays a crucial role in our proof.
Lemma 18. For C ∈ R,
̺l(B
C
l,T ) ∼ ̺l(Bol,T ) as T →∞.
This lemma is proved in the Appendix.
3.4. Uniform distribution.
Theorem 19. Let Γ be a lattice in G = SL(n,R). Fix g0 ∈ (KNl−Aol−)−1 such that Γ(Bol )g0
is dense in G. Let Y = KNl−A
o
l−g0, and ν1 be a measure on Y such that∫
G
fdµ =
∫
Y
∫
Bol
f(ybg0)d̺l(b)dν1(y), f ∈ Cc(G). (37)
Let ν be a measure on G/(Bol )
g0 induced by ν1. For T > 0 an Ω ⊆ G/(Bol )g0, denote
NT (Ω, g0) = |{γ ∈ Γ : ‖γ‖ < T, γ(Bol )g0 ∈ Ω}|. (38)
Then for relatively compact Borel subset Ω of G/(Bol )
g0 such that ν(∂Ω) = 0,
NT (Ω, g0) ∼ ̺(Bol,T )
δ−l (a0)
1−n
µ¯(Γ\G)
∫
Ω
dν(x)
δ−l (a
−
x )
as T →∞,
where a0 and a−x are the A
o
l−-components of g
−1
0 and x with respect to decomposition (30)
respectively.
Note that a similar result holds for every g0 ∈ G because of the decomposition (30).
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Proof. Write g−10 = k0b
−
0 for k0 ∈ K, b−0 = n0a0 ∈ Nl−Aol−.
It is convenient to use decomposition (32). The product map Y × (Bol )g0 → G is a
diffeomorphism. For g ∈ G, denote yg = kgn−g a−g g0, the Y -component of g. The map
α : Y → G/(Bol )g0 : y 7→ y(Bol )g0
is a diffeomorphism. Clearly, γ(Bol )
g0 ∈ Ω iff yγ ∈ α−1(Ω).
For g ∈ G,
‖g‖ = ‖kgb−g bgg0‖ = ‖b−g bg(b−0 )−1‖. (39)
Note that for
( ∗ X
0 Y
)
∈ SL(n,R),
b−g
( ∗ X
0 Y
)
(b−0 )
−1 =
( ∗ β−10 (b′g ·X)
0 β−10 βgY
)
, (40)
where
β0 = det(b
′
0)
− 1
n−l and βg = det(b
′
g)
− 1
n−l (41)
(here b′0 and b
′
g are defined as in (33)). Put
cg = b
−
g and mg = |β−10 βg|. (42)
It follows from (39) and (40) that for g ∈ G,
‖g‖2 = m2g‖cˆg(bg)‖2 + eg,
where eg is a continuous function depending only on the b
−-components of g with respect
to decomposition (32).
Using previous notations, we have
NT (Ω, g0) = |{γ ∈ Γ : m2γ‖cˆγ(bγ)‖2 + eγ < T 2, yγ ∈ α−1(Ω)}|. (43)
To derive asymptotics of NT (Ω, g0), we can use Proposition 10 with H = B
o
l , hγ = bγ ,
and dγ = e. Note that by Lemma 17 the condition (5) for H = B
o
l is satisfied with
M = (n−1)(n− l), and by Theorem 20 below, the condition (6) holds. Therefore, applying
Proposition 10, we get
NT (Ω, g0) ∼
̺(Bol,T )
µ¯(Γ\G)
∫
α−1(Ω)
1
m
(n−1)(n−l)
y ·∆H(cy)
dν1(y)
as T →∞, where ∆H is defined in (7). By (41) and (42),
mg = (δ
−
l (a0)
−1δ−l (a
−
g ))
− 1
n−l .
Also
∆Bol (cg) =
det(b′g)
n−l
β
l(n−l)
g
= δ−l (a
−
g )
n.
Thus, ∫
α−1(Ω)
1
m
(n−1)(n−l)
y ·∆H(cy)
dν1(y) =
∫
α−1(Ω)
δ−l (a0)
1−n
δ−l (a
−
y )
dν1(y)
= δ−l (a0)
1−n
∫
Ω
dν(x)
δ−l (a
−
x )
.
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This proves the theorem. 
Proof of Theorem 3. For some g0 ∈ (KNl−Aol−)−1, v0 = g−10 e0 where e0 = (e1, . . . , el) is the
standard frame. The condition that Γvo is dense in Vn,l is equivalent to ΓGg0l is dense in G
where
Gl =
(
E ∗
0 SL(n− l,R)
)
.
Since Bol is epimorphic in Gl, it follows from [SW00, Corollary 1.3] that Γ(B
o
l )
g0 is dense in
G.
Consider a map
α : G/(Bol )
g0 → Vn,l ≃ G/(Gl)g0 : g(Bol )g0 7→ gv0.
Note that this map is proper and G-equivariant. Put Ω∗ = α−1(Ω). Then Ω∗ is relatively
compact, and NT (Ω, v
0) = NT (Ω
∗, g0), where NT (Ω
∗, g0) is defined in (38).
Let ν be the measure on G/(Bol )
g0 defined in (37). It follows from Lemmas 15 and 16
that α(ν) = d−1n,ldv, where dn,l is defined in (73) and dv is the Lebesgue measure on Vn,l.
One can check that α(∂Ω∗) ⊆ ∂Ω. Therefore,
ν(∂Ω∗) ≤ ν(α−1(∂Ω)) = d−1n,l
∫
∂Ω
dv = 0.
By Theorem 19,
NT (Ω, v
0) ∼ ̺(Bol,T )
δ−l (a0)
1−n
µ¯(Γ\G)
∫
Ω∗
dν(x)
δ−l (a
−
x )
as T →∞.
By Lemma 14, δ−l (a0) = Vol(v
0). Using decomposition (32), we have gv0 = kgn−g a
−
g e
0.
Thus, by Lemma 14, δ−l (a
−
g ) = Vol(gv
0). Hence,
NT (Ω, v
0) ∼ ̺(Bol,T )
Vol(v0)1−n
dn,lµ¯(Γ\G)
(∫
Ω
dv
Vol(v)
)
as T →∞.
Finally, using Lemma 17 and (73), we have
NT (Ω, v
0) ∼ an,lVol(v
0)1−n
µ¯(Γ\G)
(∫
Ω
dv
Vol(v)
)
T (n−1)(n−l) as T →∞, (44)
where
an,l =
γn,l
dn,l
. (45)
The constants γn,l and dn,l are computed in the Appendix. 
The proof of Corollary 4 is presented in the Appendix.
4. Ergodic Theorem
The main result of this section is the following ergodic theorem along balls in Bol .
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Theorem 20. Let 1 ≤ l ≤ n − 1. Let Γ be a lattice in G, and y ∈ Γ\G be such that yBol
is dense in Γ\G. Denote by ν the probability G-invariant measure on Γ\G. Then for any
f˜ ∈ Cc(Γ\G),
1
̺l(Bol,T )
∫
Bol,T
f˜(yb−1)d̺l(b)→
∫
Γ\G
f˜dν as T →∞.
If l = n− 1, the group Bol is unipotent, and Theorem 20 is a special case of the result of
Shah [Sh94]. Thus, we may assume that l < n− 1.
4.1. Representations of SL(n,R).
Before starting the proof, we prepare some auxiliary results on representations of G =
SL(n,R).
Denote by g the Lie algebra of G. We have the root space decomposition of gC = g⊗C:
gC = g0 ⊕
∑
i 6=j
CEij ,
where g0 is the diagonal subalgebra of gC, and Eij is the matrix with 1 in position (i, j) and
0’s elsewhere. It is convenient to identify g0 with the space of vectors s = (s1, . . . , sn) ∈ Cn,∑
i si = 0. Introduce the roots of gC:
αij(s) = si − sj, i 6= j,
and the fundamental weights of gC:
ωi(s) = s1 + · · ·+ si, 1 ≤ i ≤ n− 1.
The simple roots of gC are αi = αi,i+1, i = 1, . . . , n− 1. For i < j,
αij = αi + · · ·+ αj .
The dominant weights are linear combinations with nonnegative integer coefficients of the
fundamental weights. A highest weight of a finite-dimensional representation of gC is a
weight that is maximal with respect to the ordering on the dual space of g0. This weight
is unique. Irreducible representations of gC are in one-to-one correspondence with the
dominant weights. The corresponding dominant weight is the highest weight of the repre-
sentation.
Let g+0 be the Lie subalgebra of gC that corresponds to A
o
l+. That is, g
+
0 consists of
diagonal matrices with entries
(0, . . . , 0, sl+1, . . . , sn), sl+1 + · · ·+ sn = 0,
on the diagonal.
Lemma 21. Let π be a representation of G on a finite-dimensional complex vector space
V . Let
V0 = {v ∈ V : π(Bol )v = v}. (46)
Then every vector v¯ ∈ V/V0 − {0} such that π(Nl+)v¯ = v¯ is a sum of weight vectors of g+0
with nonzero dominant weights.
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Proof. First, we show that there are no nonzero vectors in V/V0 fixed by B
o
l . Let W be
the maximal Bol -invariant subspace on which B
o
l acts unipotently. The space W can be
constructed inductively as follows. Let W0 be the space of vectors fixed by B
o
l , W1 ⊇W0 be
the space such that W1/W0 is the space of vectors in V/W0 fixed by B
o
l , and so on. After
finitely many steps, we get W . We claim that W = V0. Note A
o
l+ acts trivially on W . Take
w ∈ W . Suppose that π˜(Eij)w 6= 0 for some Eij ∈ n+ , where n+ is the Lie algebra of Nl+.
Then it is a weight vector with weight αij |g+0 6= 0 with respect to g
+
0 . This is a contradiction.
Thus, π˜(n+)w = 0 for every w ∈ W , and W = V0. Clearly, the space V/W does not contain
any vectors that are fixed by Bol+. This proves the claim.
Let
G˜ =
(
E 0
0 SL(n− l,R)
)
and N˜ = G˜ ∩Nl+.
Since Aol+N˜ is an epimorphic subgroup of G˜, the space V0 is G˜-invariant. Take a vector
v¯ ∈ V/V0 − {0} such that π(Nl+)v¯ = v¯. By [Go02, Lemma 15] applied to G˜, v¯ =
∑m
k=1 v¯k
where v¯k, k = 1, . . . , m, are weight vectors with dominant weights λk with respect to g
+
0 .
Without loss of generality, λk 6= λj for k 6= j. For Eij ∈ n+, we have
∑m
k=1 π˜(Eij)v¯k = 0.
Using that π˜(Eij)v¯k is either 0 or has weight λk + αij , we conclude that π˜(Eij)v¯k = 0 for
every k = 1, . . . , m. Thus, π(Nl+)v¯k = v¯k. Since V0 = W , the vector v¯k cannot be fixed by
π(Aol+). Hence, λk 6= 0. 
We now modify slightly our notations. For s = (sl+1, . . . , sn) ∈ Rn−l,
∑n
i=l+1 si = 0,
denote
a+(s) = diag(1, . . . , 1, esl+1, . . . , esn).
For β > 0, define
D(β) =

t = (tij : max(i, l) < j) :
∑
max(i,l)<j
t2ij < β
2

 . (47)
Lemma 22. Let π be a representation of G on a finite-dimensional real vector space V , V0
be defined as in (46), and V¯ = V/V0. Introduce a norm on V¯ . Then for every relatively
compact subset K ⊆ V¯ and r > 0, there exists α ∈ (0, 1) and C0 > 0 such that for every s
such that a+(s) ∈ AC0l+ and x ∈ V¯ such that ‖x‖ > r,
π(a+(s)n+(D(e−αsl+1)))x * K. (48)
Proof. The proof is the same as the proof of Lemma 16 in [Go02]. We will just sketch the
main idea.
We need to get a lower estimate for
sup{‖π(a+(s))π(n+(t))x‖ : t ∈ D(e−αsl+1)}.
Let W¯ = {v¯ ∈ V¯ : π(Nl+)v¯ = v¯}, and prW¯ : V¯ → W¯ is a projection on W¯ that commutes
with π(a+(s)). By Lemma 21, W¯ is spanned by weight vectors of Aol+ with nonzero dominant
weights. Using that the character s 7→ esl+1 is the smallest nontrivial dominant weight of
Aol+, one concludes that for every y ∈ V¯ and a+(s) ∈ ACl+ with C > 0,1
‖π(a+(s))y‖ ≫ ‖π(a+(s))prW¯ (y)‖ ≫ esl+1‖prW¯ (y)‖. (49)
1A≪ B means A < c · B for some absolute constant c > 0.
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By a lemma due to Shah [Sh96] (see [Go02, Lemma 13]),
sup{‖prW¯ (π(n+(t))x)‖ : t ∈ D(e−αsl+1)} ≫ (e−αsl+1)d‖x‖. (50)
for some positive integer d. Combining (49) and (50), we get
sup{‖π(a+(s))π(n+(t))x‖ : t ∈ D(e−αsl+1)} ≫ ecsl+1‖x‖, (51)
where c = 1− αd. Choose α ∈ (0, 1) such that c > 0. Then for a+(s) ∈ ACl+ the right hand
side of (51) gets arbitrarily large as C →∞. This proves (48). 
4.2. Proof of Theorem 20.
Now we are ready to start the proof of Theorem 20. Let X = (Γ\G) ∪ {∞} be the
one-point compactification of Γ\G. For T > 0, define a normalized measure on X by
νT (f˜) =
1
̺l(Bol,T )
∫
Bol,T
f˜(yb−1)d̺l(b), f˜ ∈ Cc(Γ\G).
We need to show that νT → ν as T →∞ in weak∗ topology. Since the space of normalized
measures on Z is compact in weak∗ topology, it is enough to show that every limit point of
νT , T → ∞, is equal to ν. Let νTi → η as Ti → ∞ for some normalized measure η on X .
By Lemma 18, for every C ∈ R,
η(f˜) = lim
Ti→∞
1
̺l(B
o
l,Ti
)
∫
BCl,Ti
f˜(yb−1)d̺l(b) (52)
Let U = {n+(t) ∈ N : tij = 0 for i < j < n}.
Lemma 23. The measure η is U-invariant.
Up to minor modifications, the proof is the same as the proof of Lemma 18 in [Go02].
Lemma 24. For α ∈ (0, 1), define
A˜Cl+,T =
{
a+(s) ∈ ACl+,T : (T 2 −N(s)− l)1/2 > exp
(
max
l<i<n
{si} − αsl+1
)}
, (53)
where N(s) is defined in (82), and
B˜Cl,T =
(
A˜Cl+,TNl+
)⋂
Bol,T .
Then for every C > 0,
η(f˜) = lim
Ti→∞
1
̺l(Bol,Ti)
∫
B˜Cl,Ti
f˜(yb−1)d̺l(b).
The proof is routine computation based on Lemma 28 in the Appendix. See Lemma 19
in [Go02] or the proof of Lemma 18 above for a similar argument.
Write y = Γg0 for some g0 ∈ G. Let qs(t) = n+(t)−1a+(s)−1.
Next, we review some deep results on distribution of polynomial trajectories due to Dani,
Margulis, Shah, and Ratner. See [KSS02] and [St, §19] for more comprehensive exposition.
These results will be applied to the polynomial map
t 7→ g0qs(t) : Rm → SL(n,R),
where m = 1
2
(n− l)(n + l − 1).
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Let g be the Lie algebra of G, and VG = ⊕dim gi=1 ∧i g. Fix a norm in VG. For every Lie
subgroup H of G with Lie algebra h, take a unit vector pH ∈ ∧dimhh ⊆ VG. Also define
X(H,U) = {g ∈ G : gU ⊆ Hg}.
Denote by HΓ the family of all proper closed connected subgroups H of G such that Γ∩H
is a lattice in H , and Ad(Γ ∩H) is Zariski dense in Ad(H).
The singular set of U is
Y =
⋃
H∈HΓ
ΓX(H,U) ⊆ Γ\G.
The set Y is precisely the set of y ∈ Γ\G such that yU is not dense in Γ\G.
The following facts and results will be used in the sequel:
(I) The set HΓ is countable.
(II) For every H ∈ HΓ, Γ · pH is discrete in VG. Thus, ΓN1G(H) is closed in Γ\G, where
N1G(H) = {g ∈ G : g · pH = pH}.
(III) Assume that Γ is not cocompact. Then there exist closed subgroups Ui, i = 1, . . . , r,
such that each Ui is the unipotent radical of a parabolic subgroup, ΓUi is closed in
Γ\G, and for every ε, δ > 0, there exists a compact set C ⊆ Γ\G such that for every
bounded open convex subset D ⊆ Rm, one of the following holds:
1. There exist γ ∈ Γ and i = 1, . . . , r such that
sup
t∈D
‖qs(t)−1g−10 γ · pUi‖ ≤ δ.
2. ω({t ∈ D : Γg0qs(t) /∈ C}) < εω(D), where ω is the Lebesgue measure on Rm.
(IV) Let ε > 0 and H ∈ HΓ. For every compact set C ⊆ ΓX(H,U), there exists a
compact set F ⊆ VG such that for every neighborhood Φ of F in VG there exists a
neighborhood Ψ of C in Γ\G such that for every bounded open convex set D ⊆ Rm,
one of the following holds:
1. There exists γ ∈ Γ such that qs(D)−1g−10 γ · pH ⊆ Φ.
2. ω({t ∈ D : Γg0qs(t) ∈ Ψ}) < εω(D).
(I) is proved in [Rat91a, Theorem 1.1] and [DM93, Theorem 2.1]. For the proof of (II),
see [DM93, Theorem 3.4]. (III) is a special case of [Sh96, Theorems 2.1–2.2]. (IV) is based
on [Sh94, Proposition 5.4]. It is formulated in [Sh96].
To simplify our notations, we put V = VG. Let V0 be defined as in (46).
Lemma 25. For H ∈ HΓ, g−10 Γ · pH ⊆ V − V0.
Proof. Suppose that g−10 γ · pH ∈ V0 for some γ ∈ Γ. Then (γ−1g0Bol g−10 γ) · pH = pH . Thus,
γ−1g0B
o
l g
−1
0 γ ⊆ N1G(H). By (II), ΓN1G(H) is not dense in Γ\G. It follows that Γg0Bol is not
dense in Γ\G too. This is a contradiction. 
In the case when Γ is not cocompact, we prove the following lemma:
Lemma 26. η({∞}) = 0.
Proof. Write
V = V0 ⊕ V1, (54)
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where V1 is A
o
l+-invariant complement. For a vector v ∈ V , denote by v0 ∈ V0 and v1 ∈ V1
its components with respect to the decomposition (54). Fix norms on V0 and V1. Define a
norm on V by
‖v‖ = max{‖v0‖, ‖v1‖}, v0 ∈ V0, v1 ∈ V1.
The space V1 is naturally isomorphic with V/V0. The norm on V1 induces a norm on V/V0
through this isomorphism.
We use (III). Let ε, δ > 0. Let
P =
r⋃
i=1
g−10 Γ · pUi,
and P1 = {p ∈ P : ‖p0‖ > δ}. For p ∈ P1,
‖qs(0)−1p‖ ≥ ‖p0‖ > δ. (55)
By Lemma 25, P ⊆ V −V0, and by (II), P is discrete. Therefore, there exists r > 0 such that
‖p1‖ > r for p ∈ P −P1. Since the factor-map V → V/V0 is continuous and Bol -equivariant,
for some M > 0,
‖qs(t)−1 · v‖ ≥M‖qs(t)−1 · v¯‖, v ∈ V. (56)
Now we apply Lemma 22 with K = {v¯ ∈ V/V0 : ‖v¯‖ ≤ δM }. There exist α ∈ (0, 1) and
C0 > 0 such that for every s such that a+(s) ∈ AC0l+ and every v¯ ∈ V/V0 such that ‖v¯‖ > r,
qs(D(e
−αsl+1))−1 · v¯ * K.
In particular, this holds for v¯ = p¯ with p ∈ P − P1. Thus, by (56),
sup
t∈D(e−αsl+1 )
‖qs(t)−1 · p‖ > δ (57)
for p ∈ P − P1. In fact, (57) holds for p ∈ P1 because of (55). Thus, the case (a) of (III)
does not occur when a+(s) ∈ AC0l+,Ti and D is a bounded open convex subset such that
D ⊇ D(e−αsl+1). It follows that for some compact set C ⊆ Γ\G,
ω({t ∈ D : Γg0qs(t) /∈ C}) < εω(D). (58)
when a+(s) ∈ AC0l+,Ti and D ⊇ D(e−αsl+1).
We have
η(f˜) = lim
Ti→∞
1
̺l(Bol,Ti)
∫
A˜Cl+,Ti
∫
Ds,Ti
f˜(Γg0qs(t))δ
+
l (s)dt
+ds+ , f˜ ∈ Cc(Γ\G), (59)
where
Ds,Ti =
{
n(t) ∈ N :
∑
i≤l;l<j
t2ij +
∑
l<i<j
e2sit2ij < T
2
i −N(s)− l
}
, (60)
and N(s) is defined in (82). Note that Ds,Ti contains D(β), which is defined in (47), for
β < (T 2i −N(s)− l)1/2 exp
(
− max
l+1≤i≤n−1
{si}
)
.
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When a+(s) ∈ A˜C0l+,Ti, the right hand side is greater then e−αsl+1 (see (53)). Therefore,
Ds,Ti ⊇ D(e−αsl+1) when a+(s) ∈ A˜C0l+,Ti. By (58),
ω ({t ∈ Ds,Ti : Γg0qs(t) /∈ C}) < εω(Ds,Ti) for a+(s) ∈ A˜C0l+,Ti. (61)
Let χC be the characteristic function of the set C. Take f˜ ∈ Cc(Γ\G) such that χC ≤
f˜ ≤ 1. Then using (59) and (61), we get
η(supp(f˜)) ≥ lim
Ti→∞
1
̺l(Bol,Ti)
∫
A˜
C0
l+,Ti
∫
Ds,Ti
χC(Γg0qs(t))δ
+
l (s)dt
+ds+
≥ lim
Ti→∞
1
̺l(B
o
l,Ti
)
∫
A˜
C0
l+,Ti
(1− ε)ω(Ds,Ti)δ+l (s)ds+
= (1− ε) lim
Ti→∞
̺l(B˜
C0
l,Ti
)
̺l(Bol,Ti)
= 1− ε.
Hence, η({∞}) ≤ η(supp(f˜)c) ≤ ε for every ε > 0. 
Lemma 27. η(Y ) = 0.
Proof. Since HΓ is countable, it is enough to show that η(ΓX(H,U)) = 0 for every H ∈ HΓ.
Moreover, it is enough to show that η(C) = 0 for every compact set C ⊆ ΓX(H,U).
We use the notations from the proof of Lemma 26, in particular, decomposition (54).
We apply (IV). Take ε > 0. Let F be a compact subset of V as in (IV). Take a relatively
compact neighborhood Φ of F . Let Ψ ⊃ C be as in (IV). Denote P = g−10 Γ · pH and
P1 = {p ∈ P : ‖p0‖ > δ} with δ = sup{‖v0‖ : v ∈ Φ}. Then (55) holds, so that
qs(0) · p /∈ Φ. (62)
As in the proof of the previous lemma, there exists r > 0 such that ‖p1‖ > r for p ∈ P −P1,
and applying Lemma 22, we deduce that there exist α ∈ (0, 1) and C0 > 0 such that for
every s such that a+(s) ∈ AC0l+ and every p ∈ P − P1,
qs(D(e
−αsl+1))−1 · p * Φ. (63)
By (62), (63) holds for every p ∈ P . Thus, case (a) of (IV) fails. Therefore, case (b) holds:
ω({t ∈ D : Γg0qs(t) ∈ Ψ}) < εω(D), (64)
when a+(s) ∈ AC0l+,Ti andD is an open convex set such thatD ⊇ D(e−αsl+1). Recall thatDs,Ti
was defined in (60). It is easy to see from (60) that Ds,Ti ⊇ D(e−αsl+1) when a+(s) ∈ A˜C0l+,Ti.
Thus, (64) holds for D = Ds,Ti with a
+(s) ∈ A˜C0l+,Ti.
Take a function f˜ ∈ Cc(Γ\G) such that f˜ = 1 on C, supp(f˜) ⊆ Ψ, and 0 ≤ f˜ ≤ 1. Let
χΨ be the characteristic function of Ψ. Then using (59) and (64) with D = Ds,Ti, we get
η(C) ≤ lim
Ti→∞
1
̺l(Bol,Ti)
∫
A˜
C0
l+,Ti
∫
Ds,Ti
χΨ(Γg0qs(t))δ
+
l (s)dt
+ds+
≤ lim
Ti→∞
1
̺l(BoTi)
∫
A˜
C0
l+,Ti
εω(Ds,Ti)δ
+
l (s)ds
+ = ε lim
Ti→∞
̺l(B˜
C0
l,Ti
)
̺l(BoTi)
= ε.
This shows that η(C) = 0. Hence, η(Y ) = 0. 
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By Lemma 23, the measure η is U -invariant. Consider the ergodic decomposition of η into
U -ergodic measures. By Ratner’s measure classification [Rat91a], an ergodic component of
η is either G-invariant or supported on Y ∪ {∞}. By Lemmas 26 and 27, the set of ergodic
components of the second type has measure 0. Therefore, η is G-invariant, and η = ν. This
proves Theorem 20.
5. Uniform distribution for a lattice in Sp(n,R)
5.1. Density of orbits.
Proof of Theorem 5. Clearly, the condition is neccesary for denseness. Suppose that the
condition is satisfied. Let {ei : i = 1, . . . , 2n} be the standard basis of R2n, and e =
(e1, . . . , en). Then e is an isotropic frame, and by Witt’s Theorem, the space of isotropic
n-frames is Ge. The stabilizer of e in G is
U0 =
{(
E X
0 E
)
: tX = X
}
.
Let g0 ∈ G be such that g0v = e. Then the stabilizer of v in G is U = g−10 U0g0. It is not hard
to check that any U0-invariant subspace is either contained in 〈e1, . . . , en〉 or contains it. It
follows that any U -invariant subspace is either contained in V0
def
= 〈v1, . . . , vn〉 or contains
it.
As in the proof of Theorem 1, ΓU = ΓH where H is the connected component of the
smallest real Q-algebraic subgroup containing U , and the radical of H is unipotent. Let R
be the radical of H . The space of R-fixed vectors V R is defined over Q and H-invariant.
Since R is unipotent, V R 6= 0. Thus, by the condition on v, V R * V0. Then V0 ⊆ V R.
Suppose that V R 6= R2n. Since V ⊥0 = V0, J |V R is degenerate. Then 0 6= Rad(J |V R) ⊆ V0.
This is a contradiction because the space Rad(J |V R) is defined over Q. Hence, V R = R2n,
R = 1, and H is semisimple.
We claim that H = G. Let H0 = g0Hg
−1
0 . Denote by g, h, and u the Lie algebras of G,
H0, and U0 respectively. The Killing form on g is defined by k(x, y) = Tr(xy) for x, y ∈ g.
Since H0 is semisimple, k is nondegenerate on h.
Recall the root decomposition for g. A Cartan subalgebra of g is
a = {diag(h1, . . . , hn,−h1, . . . ,−hn) : hi ∈ R}.
Let αi(h) = hi for h ∈ a. The root system of g is
∆ = {αi − αj,±(αp + αq) : 1 ≤ i 6= j ≤ n, 1 ≤ p ≤ q ≤ n},
and the following root space decomposition holds:
gαi−αj = 〈Ei,j −Ej+n,i+n〉 ,
gαp+αq = 〈Ep,q+n + Eq,p+n〉 ,
g−αp−αq = 〈Ep+n,q + Eq+n,p〉 ,
g = a⊕
∑
α∈∆
gα. (65)
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Since U0 ⊆ H0,
u =
∑
1≤p≤q≤n
gαp+αq ⊆ h.
Note that k(gα, gβ) = 0 if α + β 6= 0. Since the Killing form k is nondegenerate on h, the
projection map from h to the space
∑
1≤p≤q≤n g−αp−αq with respect to the decomposition
(65) is surjective. Thus for 1 ≤ p ≤ q ≤ n, there exists hpq = xpq + h˜pq ∈ h where xpq is a
generator of the space g−αp−αq , and h˜pq is in the normalizer of u. Then
h ⊇ [hpq, u] + u ⊇ [xpq, u], 1 ≤ p ≤ q ≤ n.
Using that [gα, gβ] = gα+β for α, β, α+ β ∈ ∆, we conclude that∑
α∈∆
gα ⊆ h.
It follows that h = g, and H = G. Finally,
Γv = ΓUv ⊇ ΓUv = Gv =Wn.

5.2. Iwasawa decomposition for Sp(n,R).
Let G = Sp(n,R). We use the following notations:
K = G ∩ SO(2n,R),
N+ =
{(
E N
0 E
)
: tN = N
}
,
N− =
{(
M 0
0 tM−1
)
: M is upper triangular, unipotent
}
,
A =
{(
A 0
0 A−1
)
: A is positive, diagonal
}
,
B = N−A,
N = N−N+.
We have Iwasawa decomposition:
(k, n, a) 7→ kna : K ×N ×A→ G
(see, for example, [Te, p. 286]). This map is a diffeomorphism. It is easy to check that the
product map N−×N+ → N is a diffeomorphism, N− normalizes N+, and A normalizes N+.
Thus, modified Iwasawa decomposition holds:
(k, b, n) 7→ kbn : K × B ×N+ → G. (66)
Fix g0 ∈ G. We also have decomposition:
(k, b, n) 7→ kbg0ng0 : K × B ×N+ → G. (67)
For g ∈ G, define kg ∈ K, bg ∈ B, and ng ∈ N+ such that
g = kgbgg0n
g0
g .
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Also define b′g ∈ GL(n,R) such that
bg =
(
b′g 0
0 t(b′g)
−1
)
.
Let µ be a Haar measure on G, and µ¯ be the measure on Γ\G such that∫
G
fdµ =
∫
Γ\G
∑
γ∈Γ
f(γg)dµ¯(g), f ∈ Cc(G).
Let ̺ be the Lebesgue measure on N+ ≃ R
n(n+1)
2 , and ν be the measure on G/Ng0+ such that∫
G
fdµ =
∫
G/N
g0
+
∫
N+
f(gng0)d̺(n)dν(g), f ∈ Cc(G).
Note that
̺(N+,T ) ∼ CT
n(n+1)
2 as T →∞ (68)
for some C > 0.
5.3. Uniform distribution.
Proof of Theorem 6. We can write v0 = g−10 e
0 for some g0 ∈ G, where e0 = (e1, . . . , en) is
the standard frame. Without loss of generality, g−10 = k0b0 for some k0 ∈ K, and b0 ∈ B
(see (66)).
Let Y = KBg0. By (67), the product map Y ×Ng0+ → G is a diffeomorphism. For g ∈ G,
denote yg = kgbgg0, the Y -component of g. The map
α : Y →Wn ≃ G/Ng0+ : y 7→ yv0
is a diffeomorphism. Denote by ν1 the measure on Y which is the pull-back of the measure
ν by the map α.
For g ∈ G, gv0 = ygv0. This shows that gv0 ∈ Ω iff yg ∈ α−1(Ω). Write
ng =
(
E lg
0 E
)
.
Then
‖g‖ = ‖kgbgngg0‖ = ‖bgngb−10 ‖ =
∥∥∥∥
( ∗ b′glg(tb′0)
0 ∗
)∥∥∥∥ .
Thus,
‖g‖2 = ‖cˆg(ngdg)‖2 + eg,
where
cg = bg, dg =
(
(b′0)
−1b′g 0
0 (tb′0)(
tb′g)
−1
)
,
and eg is a continuous function depending only on the B-components of g. We can use
Proposition 10 with H = N+, hg = ng, and mg = 1. Since Γ · v0 is dense in Wn, ΓNg0+
is dense in G. By (68), the condition (5) holds for H = N+. Since N+ is unipotent, the
condition (6) for H = N+ holds too [Sh94].
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Applying Proposition 10, we get
NT (Ω, v
0) ∼
(
1
µ¯(Γ\G)
∫
α−1(Ω)
dν1(y)
∆H(cy)
)
̺(N+,T )
as T →∞, where ∆H is defined in (7). Thus, by (68),
NT (Ω, v
0) ∼ λv0(Ω)T
n(n+1)
2 as T →∞,
where
λv0(Ω) =
C
µ¯(Γ\G)
∫
Ω
dν(x)
∆N+(cx)
.

Appendix
Proof of Lemma 16 (part 2). To find the constant dn,l, we calculate measures of the set
D = {v = (v1, . . . , vl) ∈ Vn,l : ‖vi‖ < 1, 1 ≤ i ≤ l}.
Denote by Vk the Lebesgue measure of a k-dimensional unit ball. Recall that
Vk =
πk/2
Γ(1 + k/2)
. (69)
Clearly, ∫
D
dv = V ln =
πnl/2
Γ(1 + n/2)l
. (70)
For k ∈ K, n ∈ Nl−, and a ∈ Aol−, knae0 ∈ D iff ‖knaei‖ < 1 for i = 1, . . . , l. We have
‖kn−(t)a(s−)ei‖2 = exp(2s−i )
(
1 + t21i + · · ·+ t2i−1i
)
. (71)
Let as introduce new coordinates on Aol−: ai = exp(s
−
i ), 1 ≤ i ≤ l. The Haar measure on
Aol− (23) is given by da =
∏l
i=1
dai
ai
. By (71), the set of (k, n−(t), a) ∈ K ×Nl− × Aol− such
that kn−(t)ae0 ∈ D is described by conditions:
0 < ai < 1 i = 1, . . . , l,
‖t∗i‖ <
(
1− a2i
a2i
)1/2
i = 2, . . . , l.
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Thus, ∫
kn−a−e0∈D
δ−l (a
−)ndkdn−da−
=
∫ 1
0
· · ·
∫ 1
0
l∏
i=2
Vi−1
(
1− a2i
a2i
) i−1
2
δ−l (a
−)nda−
=
l∏
i=1
Vi−1
∫ 1
0
(1− a2i )
i−1
2 an−ii dai
=
l∏
i=1
Vi−1
2
∫ 1
0
(1− bi) i−12 b
n−i−1
2
i dbi
= 2−l
l∏
i=1
Vi−1B
(
i+ 1
2
,
n− i+ 1
2
)
=
πl(l−1)/4
2lΓ(1 + n/2)l
l∏
i=1
Γ
(
n− i+ 1
2
)
. (72)
In the last step, we have used (69) and the well-known identity for Γ-function and B-
function. Finally, by (70) and (72),
dn,l =
2lπl(2n−l+1)/4
Γ(n/2)Γ((n− 1)/2) · · ·Γ((n− l + 1)/2) . (73)

Proof of Lemma 17. Let
d(a¯) = diag (1, . . . , 1, al+1, . . . , an)
for a¯ = (al+1, . . . , an) ∈ Rn−l, and
α(λ) = diag
(
1, . . . , 1, λ
1
n−l , . . . , λ
1
n−l
)
.
For b = n+(t)d(a¯), define
Λ(b) =
∑
l<i≤n
a2i +
∑
max(i,l)<j
a2j t
2
ij . (74)
Note that Λ(b) = ‖b‖2 − l. Thus, it is enough to compute asymptotics of the function
φ(x)
def
=
∫
Λ(b)<x
d̺l(b).
as x → ∞. By Tauberian theorem [Wid, Ch. V, Theorem 4.3], it can be deduced from
asymptotics of the function
ψ(λ)
def
=
∫ ∞
0
e−λxdφ(x) =
∫
Bol
exp{−λΛ(b)}d̺l(b). (75)
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as λ→ 0+. It is more convenient to work with the function
ψ˜(λ) = ψ
(
λ
2
n−l
)
. (76)
Let B¯ol = Nl+d(R
d
+) = B
o
l α(R+). One can check that∫
Nl+×R
n−l
+
f(nd(a¯))dn+
dal+1
al+1
· · · dan
an
=
∫
Bol ×R+
f(bα(λ))d̺l(b)
dλ
λ
(77)
for f ∈ L1(B¯ol ). (In fact, each of the integral defines a right Haar measure on B¯ol .)
Consider Mellin transform of the function ψ˜:
F (z) =
∫ ∞
0
ψ˜(λ)λz
dλ
λ
(75)
=
∫
Bol ×R+
exp {−Λ(bα(λ))}λzd̺l(b)dλ
λ
(77)
=
∫
Nl+×R
n−l
+
exp {−Λ(n+d(a¯))}
(
n∏
i=l+1
ai
)z
dn+
dal+1
al+1
· · · dan
an
(74)
=
∫
Nl+×R
n−l
+
exp

−
∑
max(i,l)<j
(ajtij)
2 −
n∑
i=l+1
a2i


×
(
n∏
i=l+1
ai
)z−1 ∏
max(i,l)<j
dtij
n∏
i=l+1
dai.
Using that
∫
R
e−x
2
dx =
√
π, we get
F (z) = π
(n+l−1)(n−l)
4
∫
R
n−l
+
exp
{
−
n∑
i=l+1
a2i
}(
n∏
i=l+1
az−ii
)
dal+1 . . . dan.
Making substitution ui = a
2
i , we get
F (z) =
π
(n+l−1)(n−l)
4
2n−l
n∏
j=l+1
Γ
(
z − j + 1
2
)
. (78)
By Mellin inversion formula, for sufficiently large u,
ψ˜(λ) =
1
2πi
∫
Re(z)=u
F (z)λ−zdz. (79)
Since Γ-function decays fast on vertical strips, we can shift the line of integration to the
left. By (78), the first pole of F (z) occurs at z = n− 1. Therefore, it follows from (79) that
ψ˜(λ) ∼ π
(n+l−1)(n−l)
4
2n−l−1
n−1∏
j=l+1
Γ
(
n− j
2
)
λ−(n−1) as λ→ 0 + .
By (76),
ψ(λ) ∼ π
(n+l−1)(n−l)
4
2n−l−1
n−1∏
j=l+1
Γ
(
n− j
2
)
λ−
(n−1)(n−l)
2 as λ→ 0 + .
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Finally, the asymptotic estimate for φ(x) as x→∞ follows from Tauberian Theorem [Wid,
Ch. V, Theorem 4.3]. We have
γn,l =
π(n+l−1)(n−l)/4
2n−l−1Γ
(
(n−1)(n−l)
2
+ 1
) n−1∏
j=l+1
Γ
(
n− j
2
)
. (80)
This proves the lemma. 
The following lemma is used in the proof of Lemma 18.
Lemma 28. For C ∈ R and T > 0,
̺l(B
C
l,T ) = cn,l
∫
ACT
(
T 2 −N(s+)− l
) (n−l)(n+l−1)
4
exp
{
n∑
k=l+1
(n− k)s+k
}
ds+ , (81)
where
cn,l =
π(n−l)(n+l−1)/4
Γ(1 + (n− l)(n + l − 1)/4) ,
N(s+) =
n∑
i=l+1
exp{2s+i }. (82)
Proof. Note that
BCl,T =
{
a(s+)n(t) : l +N(s+) +
∑
l<i<j≤n
exp{2s+i }t2ij +
∑
1≤i≤l;l<j≤n
t2ij < T
2
}
.
We use the formula (24) for ̺l and make the change of variables
tij → exp{−s+i }tij
for l < i < j ≤ n. The formula (81) follows from the fact that the volume of a unit ball in
Rm is πm/2/Γ(1 +m/2). 
Proof of Lemma 18. For i0 = l + 1, . . . , n− 1, put
Ai0l+,T = {a(s+) ∈ Aol+,T : s+i0 ≤ C} and Bi0l,T = {a(s+)n(t) ∈ Bol,T : s+i0 ≤ C}.
We claim that ̺l(B
i0
l,T ) = o(̺(B
o
l,T )) as T →∞. If a(s+) ∈ Aol+,T , then s+i < log T for every
i = l + 1, . . . , n. Then as in Lemma 28,
̺l(B
i0
l,T ) ≤ cn,lT
(n−l)(n+l−1)
2
∫
A
i0
l+,T
exp
{
n∑
k=l+1
(n− k)s+k
}
ds+
≪ T (n−l)(n+l−1)2
∏
l<k<n,k 6=i0
∫ logT
−∞
exp{(n− k)s+k }ds+k
≪ T (n−1)(n−l)−(n−i0).
Now the claim follows from (36). Since
Bol,T − BCl,T =
⋃
l<i0<n
Bi0l,T ,
UNIFORM DISTRIBUTION OF ORBITS OF LATTICES ON SPACES OF FRAMES 31
we have
̺l(B
o
l,T −BCl,T ) = o(̺l(Bol,T )) as T →∞.
Therefore, ̺l(B
C
l,T ) ∼ ̺l(Bol,T ) as T →∞. 
Proof of Corollary 4. By Theorem 1, Γv0 is dense in Vn,l. By Theorem 3, (44) holds. The
volume of Γ\G was computed by Minkowski. For the measure µ¯, we have
µ¯(Γ\G) = 2−(n−1)
n∏
i=2
π−i/2Γ(i/2)ζ(i)
(see [Sh00, Theorem 5.6]).
Therefore,
NT (Ω, v
0) ∼ bn,lVol(v0)1−n
(∫
Ω
dv
Vol(v)
)
T (n−1)(n−l) as T →∞,
where
bn,l =
an,l
µ¯(Γ\G) =
πn(n−l)/2
Γ
(
(n−1)(n−l)
2
+ 1
)
Γ
(
n−l
2
) n∏
i=2
ζ(i)−1. (83)
Here we used that Γ(1
2
) =
√
π. 
References
[DM93] S. G. Dani, G. A. Margulis, Limit distributions of orbits of unipotent flows and values of quadratic
forms. I. M. Gelfand Seminar, 91–137, Adv. Soviet Math., 16, Part 1, AMS, Providence, RI, 1993.
[DR80] S. G. Dani, S. Raghavan, Orbits of Euclidean frames under discrete linear groups, Israel J. Math.
36, 300–320, 1980.
[DRS93] W. Duke, Z. Rudnick, P. Sarnak, Density of integer points on affine homogeneous varieties, Duke
Math. J. 71, 143–179, 1993.
[Go02] A. Gorodnik, Lattice action on the boundary of SL(n,R), to appear in “Ergodic Theory Dynam.
Systems”.
[He] S. Helgason, Differential Geometry and Symmetric Spaces, Acad. Press, New York, 1962.
[KSS02] D. Kleinbock, N. Shah, A. Starkov, Dynamics of subgroup actions on homogeneous spaces of Lie
groups and applications to number theory, in Handbook of dynamical systems, v. 1, To appear.
[Le99] F. Ledrappier, Distribution des orbites des re´seaux sur le plan re´el, C.R. Acad. Sci. Paris Sr. I Math.
329, no. 1, 61–64, 1999.
[No00] A. Nogueira, Orbit distribution on R2 under the natural action of SL(2,Z), Preprint, 2000.
[Rag] M. S. Raghunathan, Discrete Subgroups of Lie Groups, Springer-Verlag, New York, 1972.
[Rat91a] M. Ratner, On Raghunathan’s measure conjecture, Ann. Math. 134, 545–607, 1991.
[Rat91b] M. Ratner, Raghunathan’s topological conjecture and distributions of unipotent flows. Duke Math.
J. 63, 235–280, 1991.
[Sh91] N. A. Shah, Uniformly distributed orbits of certain flows on homogeneous spaces, Math. Ann. 289,
315–334, 1991.
[Sh94] N. A. Shah, Limit distributions of polynomial trajectories on homogeneous spaces, Duke Math. J.
75, 711–732, 1994.
[Sh96] N. A. Shah, Limit distributions of expanding translates of certain orbits on homogeneous spaces.
Proc. Indian Acad. Sci. Math. Sci. 106, 105–125, 1996.
[Sh00] N. A. Shah, Counting integral matrices with a given characteristic polynomial, Ergodic theory and
harmonic analysis (Mumbai, 1999). Sankhya¯ Ser. A 62, 3, 386–412, 2000.
[SW00] N. A. Shah, B. Weiss, On actions of epimorphic subgroups on homogeneous spaces, Ergodic Theory
Dynam. Systems 20, 567–592, 2000.
UNIFORM DISTRIBUTION OF ORBITS OF LATTICES ON SPACES OF FRAMES 32
[St] A. N. Starkov, Dynamical systems on homogeneous spaces. Translations of Mathematical Monographs,
190. AMS, Providence, RI, 2000.
[Te] A. Terras, Harmonic analysis on symmetric spaces and applications II, Springer-Verlag, 1988.
[Ve77] W. A. Veech, Unique ergodicity of horospherical flows, Amer. J. Math. 99, 827–859, 1977.
[Wid] D. V. Widder, The Laplace Transform, Princeton Univ. Press, Princeton, 1946.
Department of Mathematics, University of Michigan, Ann Arbor, MI 48109
E-mail address : gorodnik@umich.edu
